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Probabilistic petrophysical-properties estimation integrating
statistical rock physics with seismic inversion

Dario Grana' and Ernesto Della Rossa'

ABSTRACT

A joint estimation of petrophysical properties is proposed that
combines statistical rock physics and Bayesian seismic inver-
sion. Because elastic attributes are correlated with petrophysical
variables (effective porosity, clay content, and water saturation)
and this physical link is associated with uncertainties, the petro-
physical-properties estimation from seismic data can be seen as a
Bayesian inversion problem. The purpose of this work was to de-
velop a strategy for estimating the probability distributions of
petrophysical parameters and litho-fluid classes from seismics.
Estimation of reservoir properties and the associated uncertainty
was performed in three steps: linearized seismic inversion to esti-
mate the probabilities of elastic parameters, probabilistic upscal-
ing to include the scale-changes effect, and petrophysical inver-
sion to estimate the probabilities of petrophysical variables and

litho-fluid classes. Rock-physics equations provide the linkbe-
tween reservoir properties and velocities, and linearized seismic
modeling connects velocities and density to seismic amplitude. A
full Bayesian approach was adopted to propagate uncertainty
from seismics to petrophysics in an integrated framework that
takes into account different sources of uncertainty: heterogeneity
of the real data, approximation of physical models, measurement
errors, and scale changes. The method has been tested, as a feasi-
bility step, on real well data and synthetic seismic data to show
reliable propagation of the uncertainty through the three different
steps and to compare two statistical approaches: parametric and
nonparametric. Application to a real reservoir study (including
data from two wells and partially stacked seismic volumes) has
provided as a main result the probability densities of petrophysi-
cal properties and litho-fluid classes. It demonstrated the applica-
bility of the proposed inversion method.

INTRODUCTION

In reservoir characterization studies constrained by seismic data,
statistical rock physics normally is used to combine statistical tech-
niques with physical equations to generate different petroelastic sce-
narios. The goal of statistical rock physics is to predict the probabili-
ty of petrophysical variables when velocities (or impedances) and
density are assigned, and to capture the heterogeneity and complexi-
ty of the rocks and the uncertainty associated with theoretical rela-
tions.

The use of statistics in rock physics is becoming more frequent. In
the typical statistical rock-physics workflow (Avseth et al., 2005;
Doyen, 2007), deterministic models first are established to build
physical relations between elastic properties and reservoir at-
tributes. Then, probabilistic petroelastic transformations are deter-
mined, combining these relations with Monte Carlo simulations, to
include the uncertainty associated with the real data (measurement

errors and natural heterogeneity of the rocks) and with the degree of
accuracy of the model itself.

The traditional Bayesian framework (Tarantola, 2005) used for
uncertainty evaluation in elastic inversion (Buland and Omre, 2003)
has been adopted recently for problems of litho-fluid prediction
from seismic data (Larsen et al., 2006; Gunning and Glinsky, 2007,
and Buland et al., 2008).

Mukerji et al. (2001) and Eidsvik et al. (2004) introduce statistical
rock physics to estimate reservoir parameters from prestack seismic
data and to evaluate the associated uncertainty. Stochastic rock-
physics models are used by Bachrach (2006) for a joint estimation of
porosity and saturation and by Sengupta and Bachrach (2007) for
pay-volume uncertainty evaluation, and Spikes et al. (2008) develop
aprobabilistic seismic inversion to constrain reservoir properties es-
timation with well data and seismic. To infer litho-fluid classification
from seismic data, Larsen et al. (2006) propose an integrated litho-
fluid-inversion method based on a Markov-chain model, and Gallop
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022 Grana and Della Rossa

(2006) presents an approach based on mixture distributions for fa-
cies estimations. Gonzdlez et al. (2008), and Bosch et al. (2009) pro-
pose new approaches integrating advanced geostatistical tech-
niques.

In this paper, we present a method to integrate statistical rock
physics and Bayesian elastic inversion to compute the probability
distributions of petrophysical properties. Similar approaches al-
ready have been presented, with some assumptions and limitations
about the form of the probability distributions, the size of the data,
and the type of dependencies considered. By means of more general
parametric distributions, such as Gaussian mixture models (GMMs)
(Hastie et al., 2002), or nonparametric statistical techniques like ker-
nel density estimation (KDE) (Silverman, 1986), some limitations
can be overcome by our approach. We also take into account the up-
scaling problem (Lake and Srinivasan, 2004) to face the limited res-
olution and greater uncertainty of seismic data compared to well-log
data and we integrate this step within the probabilistic inversion
framework.

The workflow we propose (Figure 1) can be summarized as fol-
lows:

1) Rock-physics model calibration. A rock-physics model is es-
tablished using well-log data to predict elastic attributes (veloc-
ities or impedances) from petrophysical properties.

2) Linearized Bayesian seismic inversion. We estimate elastic
properties from partially stacked seismic angle gathers.

3) Conditional probabilities estimation. We calculate the condi-
tional probabilities of petrophysical variables and litho-fluid
classes in a multiproperty, multiscale model. This method in-
cludes the upscaling effect within an integrated probabilistic
approach.

The rock-physics model is a set of equations that transforms
petrophysical variables in elastic attributes. The rock-physics model
type depends on the reservoir rocks we are dealing with: the set of
equations can be a simple regression on well data or a more complex
physical model (Mavko et al., 2003). Once the rock-physics model
has been calibrated on well logs, we can apply the model to situa-
tions not sampled by log data and generate different scenarios by
means of Monte Carlo simulations. This approach is used to explore,
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Figure 1. Flowchart of the probabilistic petrophysical-properties es-
timation

for example, all possible ranges of porosity, saturation, and clay con-
tent, and to simulate the corresponding acoustic and elastic respons-
es.

Our proposed method propagates the uncertainty from seismic
data to petrophysics by combining three conditional probabilities.
The firstis the probability of elastic properties given seismic data ob-
tained by a Bayesian approach to elastic inversion (Buland and
Omre, 2003). The second is the probability of elastic attributes at
fine scale (high resolution) when coarse-scale values are known. The
third is the probability of petrophysical properties conditioned by
elastic attributes obtained by integrating the rock-physics model
equations with Monte Carlo simulations and generating different
geologic scenarios.

We applied the method to a clastic reservoir in the North Sea,
where two wells and four partially stacked seismic angle gathers are
available. As a feasibility step, we tested the method on a calibration
well using a synthetic seismic trace and compared two approaches:
GMMs and KDE. Then we applied the method to the whole seismic
volume and obtained, trace-by-trace, the probability density func-
tions of petrophysical variables and litho-fluid classes.

PROBABILISTIC APPROACH TO
PETROPHYSICAL INVERSION

In this section, we illustrate the probabilistic formulation of the
joint petrophysical inversion. We describe the derivation of posteri-
or probabilities of petrophysical properties and litho-fluid classes,
conditioned by seismics, using different attributes (elastic, petro-
physical, and categorical) and integrating data coming from differ-
ent sources (high-resolution well data, coarse-resolution data, and
seismic data).

The methodology is divided in three steps: (1) statistical rock-
physics modeling, (2) upscaling, and (3) petrophysical inversion
from seismic data.

In the following, we will use m to indicate the acoustic and elastic
properties, typically impedances Ip and Is (m = [/, I5]7), and R to
represent petrophysical data, typically effective porosity, water satu-
ration, and clay content (R = [ ¢ sw C]7).

Statistical rock-physics modeling

One important aspect of statistical rock-physics is that it com-
bines physical models with statistics to account for situations not
seen in the well data. If all variables are considered as random vec-
tors, the rock-physics model can be written as

m = frpy(R) + €, (1)

where frpy represents the rock-physics model and € is the random er-
ror describing the degree of accuracy of the model.

For the prior distribution, which is the same at any depth, we as-
sume a multivariate Gaussian mixture (GM), a linear combination of
Gaussian distributions, with a fixed number of components NV,:

N,

P(R) = X ey N(R;pj.IR). (2)
k=1

where N indicates the multi-Gaussian distribution of vector R with
mean pk and covariance matrix 3 for all k= 1,...,N, and «, are
the weights of the linear combination (with =)< et = 1)
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This choice is motivated by two reasons. First, this formulation al-
lows us to model each litho-fluid class detectable from a petrophysi-
cal point of view as a single Gaussian component of the mixture.
Second, the approach is convenient analytically because the analyti-
cal results valid for Gaussian distributions also can be extended to
Gaussian mixtures. We use three components initially in our tests be-
cause the litho-fluid classification we consider consists of shale, oil
sand, and water sand.

We propose a semianalytical approach for estimation of the condi-
tional probability P(R|m): we generate a set of N, samples from the
prior distribution P(R), apply the rock-physics model fpy;, estimate
the joint distribution assuming a Gaussian mixture distribution, and
analytically derive the conditional distribution.

From the prior distribution, different scenarios can be generated
by Monte Carlo simulation. Petrophysical variables can be sampled
from the prior distribution and the elastic response can be computed
by the rock-physics model frpy. We model the vertical correlation of
petrophysical properties by means of a vertical variogram to obtain
pseudologs of elastic variables with a realistic vertical correlation
and subsequently perform upscaling on elastic variables in the prob-
abilistic upscaling step.

We made the additional assumption that error € in equation 1 is
Gaussian with zero mean and covariance 3, that can be estimated
from well-log data. With this assumption, we can state that

P(m[R) = N(m;n(R),%,), 3)

where the mean p(R) = fypy(R) and covariance matrix 3 can be
assumed independent of R and related only to €.

This model allows us to account for uncertainty associated with
rock-physics model predictions by means of Monte Carlo simula-
tions and conditional probabilities estimations. In fact, we can gen-
erate a set of N; samples {Ri}i:,wNQ from the petrophysical prior
P(R); then we compute the response of the rock-physics model
R(R)) = fepm(R;), for all i=1,...,N, and generate N, samples
{m;},_, _y from the normal distributions N(m;p(R;),%).

Joint distribution P(m,R) can be estimated from the N, samples

{(m;R)};-;.. - If the joint distribution is a Gaussian mixture
NC
P(m7R) = E WkN([m’R]Ts M]Em’R}E][(myR])s (4)
k=1

then conditional distribution P(R |m) is again a Gaussian mixture. If
the rock-physics model fpy; were linear, the joint distribution could
be derived analytically from the prior, but in general, fgpy, is not lin-
ear and joint distribution P(m,R) can be obtained from the Monte
Carlo samples. The technique adopted to estimate parameters of the
Gaussian components and weights of the mixture is the expectation-
maximization (EM) algorithm (Hastie et al., 2002). We point out that
these weights can be interpreted as the indicator probability of the
discrete random variable that represents the litho-fluid class.

As a consequence, the conditional distribution P(R|m) is a
Gaussian mixture,

N,

P(R[m) = 2% AN(m; Wi Ziim)- (5)
k=1

and we can analytically compute its parameters. In particular, the
means and covariance matrices of the mixture components (see Ap-
pendix A) are given by

Piim = PR+ SR ' (m — ) (6)
and
2\']lcllm = 2:’IIC{,R - 2’]I<{,m(2fn,m) B lzfn,R’ (7)

for each given m. The assumption that both petrophysical and elastic
variables are distributed as a Gaussian mixture is compatible with
the hypothesis of GM distribution for the prior model and it is rea-
sonable if the rock-physics model is not too far from linearity.

However, if these assumptions are not in agreement with well-log
data, a nonparametric approach for the conditional probability esti-
mation P(R|m) should be adopted. In this case, we propose to esti-
mate the joint distribution P(m,R) by applying kernel density esti-
mation on the Monte Carlo samples in a multidimensional domain.
Kernel density estimation is a nonparametric technique that allows
us to estimate the probability distribution by fitting a base function
(the kernel function) at each data point including only those observa-
tions close toit.

The joint probability can be expressed as the sum of the contribu-
tions of the same kernel function centered at each data-point location
(see Silverman, 1986). For example in 2D, if m = [Ip] and R = [ ¢],
then

N, i i
Qe —¢
P(m,R) = P(IP7¢) = thhd)z K( Php P>K<¢h¢¢ ),
s i=1

(8)

where K is the kernel function, {I,, ¢}, . LN, are the data samples,
and hp and h 4 are the scaling lengths (also called kernel widths). Ker-
nel function K is a nonnegative symmetric function. In this work, we
used the Epanechnikov kernel (Doyen, 2007):

Sl
KGi) = 4(1 x7) xe[—1,1] ©)

0 otherwise.

For each variable, the scaling lengths control the distance of the ob-
servations from the data points and they have to be assessed using
training data.

In the current workflow, we estimate the joint distribution by KDE
on a multidimensional grid. Then, conditional distribution P(R|m)
can be numerically evaluated by definition

P(m,R)

P(Rjm) =
f P(m.R)dR

; (10)

which corresponds to a normalization of the joint probability
P(m,R) for each given m.

Probabilistic upscaling

The described method does not explicitly consider the difference
in scale and domain of the available data due to different sources of
information. In fact, the typical domain of a rock-physics model is
depth with the resolution of well logs, whereas inverted seismic at-
tributes are obtained in the time domain with a lower resolution. The
objective of this section is to define a step in the methodology that ac-
counts for these differences and is consistent with the general proba-
bilistic approach we are proposing. In general, there are two main is-
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sues to take into account in scale-reconciling problems: computation
of physically equivalent measures at different scales and correct
propagation of the uncertainty from one scale to another.

Upscaling of petrophysical and elastic properties is complicated
by the presence of spatial and vertical correlation in the heterogene-
ities distributions (see, for example, Lake and Srinivasan, 2004).
However, in agreement with the choice of our petrophysical inver-
sion model, we concentrate on the problems of coherently trans-
forming different measures from one resolution to another and esti-
mating the corresponding changes in probability distribution. We
adopted Backus averaging (Backus, 1962) to face the first problem
for elastic properties, and we tackled the second issue by estimating
the conditional distribution of elastic parameters at high-resolution
scale (fine scale) given the corresponding data at low-resolution
scale (coarse scale).

The starting point for the probabilistic scale change is the rock-
physics model with the associated uncertainty defined as in equation
1. If m' represents the fine-scale (log-scale) vector of the elastic pa-
rameters and m¢ the corresponding coarse-scale (seismic) data, we
indicate the change of scale with m¢ = g(m), where function g rep-
resents Backus averaging for velocities and linear average for densi-
ty.

To integrate the upscaling problem in our probabilistic frame-
work, we propose the following scheme. If m' is conditionally dis-
tributed with probability P(mf|R), the problem of the estimation of
the distribution conditioned by me can be solved by generating a set
of N, samples {m(};_, _y according to P(m‘|R) by Monte Carlo
simulation, and applying the upscaling transformation g, so we ob-
tain a set of joint samples {(m!,m%)},_, v, that can be used to esti-
mate (with Gaussian models, for example)lthe conditional distribu-
tion P(m'|m¢).

The conditional distribution of the petrophysical parameters giv-
en coarse-scale elastic data P(R|m¢) can be obtained combining
P(R|mf) with P(mf|m°) by means of the Chapman-Kolmogorov
equation (Papoulis, 1984)

P(R|m°)=f P(R|m’) P(m'|m®)dm’, (11)

n

where n is the dimension of mf (n = 2 in the case of I; and ). This
expression is the probabilistic model that includes uncertainties due
to rock physics (P(R|m)) and upscaling (P(m'|m°)).

From seismic to petrophysics inversion

To obtain the posterior distribution of elastic parameters from
seismics, we use a linearized AVO inversion technique in a Bayesian
framework. The inversion method adopted here assumes an isotro-
pic and elastic medium and it combines the convolutional model
with Aki-Richards linearized approximation of Zoeppritz equations
valid for vertical weak contrasts, as in Buland and Omre (2003).

If S refers to seismic data, the elastic model can be expressed as:

S=Gl+e, (12)

where G is the forward linearized operator including both convolu-
tion and weak contrasts Aki-Richards approximation, € is the vector
of the logarithms of the whole trace of the elastic parameters, and e is
a Gaussian error term with zero mean and covariance 2... We also as-

sume that ¢ is distributed according to a multivariate Gaussian prior
€ ’“N(f;l‘«e,ze)-

Under these hypotheses, it can be shown (Buland and Omre,
2003) that P(£|S) is again Gaussian:

P(€]S) = N(€:pgs.2qs)- (13)
where
Mes = e + Eé,g(Es) S — ) (14)
and
Sos =20 — 28 (Zs) ' e (15)

Here, ps = Gy, 25 = G%(GT + X, and 35, = G, are the cross-
covariance between the vector of parameters € and seismic data S.

When the conditional distribution P(€|S) is known, then the log-
normal distribution P (m¢|S.) can be derived at each vertical posi-
tion z (assuming a depth conversion of seismic inversion results).
The final step to compute the probability of petrophysical variables
conditioned by seismic data P (R|S.) including the upscaling effect
(equation 11), can be written as

P(R]S,) = f P(R|m®)P(m°]S.)dm?. (16)
Rn

By means of equation 16, we finally obtain the posterior probabili-
ties of the petrophysical properties.

We also can introduce a further step to apply the same methodolo-
gy in the discrete domain, in classification studies of litho-fluid
classes, for example. Formally, we compute the probability

P(1,

S,) = f P(m |R)P(R[S.)dR, (17)
Rn

where 7 is the generic litho-fluid class at vertical position z, n is the
dimension of R (n = 3,if R = [ ¢ sw C]"), and P(7.|R) is the rock-
physics likelihood function.

To generate different realizations of litho-fluid classes condi-
tioned by seismics, including vertical correlation to model the verti-
cal continuity of litho-fluid classes, we can combine the posterior
probability (equation 17) with a Markov-chain prior model (as in
Larsen etal., 2006)

P(1r,

Sz) = f P(WZ|R)P(R|SZ)dR
Rn

x J P(R|m,)P(m,)P(R|S,)dR =

P(R|m)P(R
R’l

o« [TP(ar|m,_)) S.)dR,
z

(18)

where z indicates depth, and the probability P(r.|7._,) can be ob-
tained from the downward Markov-chain transition matrix of litho-
fluid classes estimated on actual well-log classification (with the as-
sumption that P(7. ) = P(_ | 7710) for notational convenience).
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REAL-CASE APPLICATION

Methodology implementation

The methodology application is described for an oil-saturated
clastic reservoir, but it can be adapted to different saturation and li-
thology reservoir conditions, with the choice of a suitable rock-
physics model.

First, a rock-physics model is calibrated at well locations using
velocity logs and petrophysical curves obtained in formation evalua-
tion analysis. The rock-physics model can be written as

[Vp.Vs.p] = frpm(b.sw,C) + &, (19)

where Vp and Vs are, respectively, P- and S-waves velocities, p is the
density, ¢ is the effective porosity, sw is the water saturation, C'is the
clay content, and € is the error that represents the difference between
model predictions and real data. Function fipy; can be an empirical
relation or a theoretical set of equations such as granular media mod-
els or effective media models (see Mavko et al., 2003).

Second, we estimate elastic attributes from seismic data. We use a
reformulation of the approximation of Zoeppritz equations by Aki
and Richards (1980) in terms of impedances, and we jointly estimate
P- and S-impedances and density following the Bayesian approach
presented in Buland and Omre (2003). In terms of impedances, the
reflection coefficient Rpp as a function of the reflection angle 6 be-
comes:

1 AL 12 Al 1 1
Rpp(0)~—2_—P—4_—Ssin20_—S+ -
2cos” 0 ] 72 Vi 2  2cos 6
P P S
Ik A
+2 5 in2 g |22 (20)
IE p

where ip, TS, and p are, respectively, the averages of impedances and
density over the reflecting interface, and Alp, Alg, and Ap are the cor-
responding contrasts. With realistic noise levels, the inversion can-
not retrieve reliable information about density (as in Buland and
Omre, 2003). For this reason, in our real case application we do not
use density in the petrophysical inversion workflow.

Finally, we calculate the conditional probabilities of petrophysi-
cal variables and litho-fluid classes conditioned by seismics follow-
ing the methodology described in the theory section:

1) We assume a prior distribution of the petrophysical variables.
In our case P(¢,sw,C) is assumed as a trivariate GMM to ac-
count for observed correlations between variables in each litho-
fluid class (in this case, the prior is the same at any vertical posi-
tion).

2)  We generate pseudologs of petrophysical properties from the
prior distribution with a realistic vertical correlation, in two
steps. First, we create profiles of litho-fluid classes, for exam-
ple, using a first-order Markov-chain downward model (Larsen
et al., 2006). Then, in each litho-fluid class, we generate petro-
physical properties vertically correlated using a variogram esti-
mated on well data.

3) We apply the rock-physics model fgpy to the petrophysical
pseudologs to obtain the corresponding elastic attributes and
we add a random error € (equation 19). Then, we compute fine-
scale impedances.

4)  Using the random samples generated in steps 2 and 3, we esti-

mate the joint probability P(15,15,¢,sw,C), and we derive the
conditional probability of petrophysical properties conditioned
by impedances P(¢,sw,C|I5,I%) at fine scale.

5) We upscale the elastic properties applying sequential Backus
averaging on a running window, whose length is found by esti-
mating the wavelength from the seismic bandwidth and the av-
erage velocity. Then, we compute the conditional probabilities
atcoarse scale:

P(¢,SW,C|IC,I§)=f P(¢,sw,C|If,I§)
RZ

X P(IS, LS| I5, 1) dINdIs.  (21)

6) This last conditional probability is then combined by means of
the Chapman-Kolmogorov equation (Papoulis, 1984) with the
probability of elastic properties coming from linearized Baye-
sian inversion P(I3,15|S.), to obtain the posterior probability of
petrophysical properties:

P(sw,ClS.) = f P(busws U P LIS IS,
RZ

(22)

at each vertical position z.
7)  Finally, we estimate the probability of litho-fluid classes condi-
tioned by seismics as

P(r,

S,) = f P(7 |¢p,sw,C)P(p,sw,C|S,)dpdswdC,
’R3

(23)

and we integrate it with a Markov-chain model by means of
equation 18.

In the case of Gaussian mixture assumption, the joint distribution
P(I5,I5, ,sw,C) is estimated using the EM algorithm (if the rock-
physics model were linear, the joint distribution could be analytical-
ly derived from the prior). Expectation-maximization is an iterative
algorithm that allows us to find maximum likelihood estimates of pa-
rameters in probabilistic models in the presence of missing data. It is
atwo-step method. The expectation step computes an expectation of
the log likelihood with respect to the current estimate of the distribu-
tion. The maximization step maximizes the expected log likelihood
found in the previous step. The algorithm converges to the optimal
solution in a number of steps, which depends on different factors
such as distribution shape and data dimensions (see Hastie et al.,
2002). It is used here to estimate parameters (means and covariance
matrices) and weights of Gaussian components of the mixture for
joint distribution in the case of multimodality of the data. Once
weights and parameters of the joint distribution are known, the con-
ditional distribution is analytically derived using equations 6 and 7.

Alternatively, we propose to use kernel density estimation (KDE),
which allows us to estimate a probability density function on a multi-
dimensional grid. In this case, we apply KDE to estimate the joint
distribution P(I%,I5, ¢p,sw,C), extending equation 8 in a 5D domain.
In our implementation, we use the same kernel function (the
Epanechnikov kernel) for the five variables and a specific scaling
length for each variable. The critical point of this approach is calibra-
tion of the scaling lengths: the higher they are, the farther the obser-
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vations included in the distribution are from the data points. Choice
of scaling lengths depends on the number of data points and the
spread of the distribution (Doyen, 2007). Once the joint distribution
is estimated, we compute the conditional distribution at fine scale
(equation 10) by normalizing the joint distribution at each given
(Ip.15).

In both parametric and nonparametric cases, the following steps
are similarly performed. A Gaussian model is assumed for the up-
scaling step and a lognormal distribution is used for seismic inver-
sion. These two probabilities are combined with fine-scale probabil-
ities by means of the Chapman-Kolmogorov equation (equations 21
and 22).

Data application

The methodology has been applied to an oil-saturated clastic res-
ervoir in the North Sea, using angle-stack seismic data and well-log
data coming from two wells in the field: well A (relative coordinates:
x = 1530, y = 450) used for model calibration, and well B (x = 120,
y = 1000) used for methodology validation.

Input data for the rock-physics model are the petrophysical curves
obtained in formation evaluation analysis: effective porosity, clay
content, and water saturation. We focus our attention on a specific
reservoir level (Figure 2), where we can identify three litho-fluid
classes: oil sand, water sand, and shale. Lithofacies have been ob-
tained by means of log-facies classification, on the basis of the petro-
physical curves and the available sedimentologic information. litho-
fluid discrimination still remains visible in both the petroelastic and
impedances domains (Figure 3).

The adopted rock-physics model is the stiff-sand model (Appen-
dix B) based on Hertz-Mindlin contact theory. The model was previ-

0) d) e)

2100,
2120

£ 2140 +=

pth (

& 2160f
2180
2200

2220

2240

ously calibrated on well A (Figure 4) and then used on well B data.
For the calibration, we performed a fluid substitution on velocities of
well A to obtain corresponding velocities in wet conditions, and we
determined the model parameters to obtain a good match with well
data. The critical porosity used is 0.4 and the coordination number is
7. Effective pressure in the reservoir is 70 MPa. For the solid phase,
we used a matrix model made by two components: sand (mostly
made of quartz) and wet clay (mostly made of illite), with the param-
eters indicated in Table 1. Matrix parameters have been selected on
the basis of available mineralogical information about rock compo-
sition and for the good match between model predictions and well-
log data (Figure 2). The choice of considering clay as a mixture of
mineral and clay-bound water is coherent with the choice of using
effective porosity.

The stiff-sand model was selected on the basis of available geo-
logic information and because it is appropriate to describe a well-
consolidated sand. In shale, the effective porosity is near zero, so the
rock-physics model reduces to the computation of velocities and
density of a matrix made of wet clay, by means of a Voigt-Reuss-Hill
average, and we obtain a good approximation of the velocities in
shale.

We describe here implementation of the inversion methodology
and its application to the data (we recall that R = [ ¢ sw C]"and m
=[1p Is]"). We assume that prior distribution P(R) is a Gaussian
mixture (Figure 5) whose weights are the actual proportions of litho-
fluid classes. In particular, we assume a Gaussian mixture distribu-
tion with truncations for ¢ and C, and a Gaussian mixture score
transformation (extension of the normal score transformation) is ap-
plied to water saturation sw. The simulation and inversion are con-
ducted from Gaussian mixture scores. At the end of the simulation,
results are back-transformed to recover the actual saturation values.
If we assume a large variability within each litho-fluid class (large
covariance matrices), we also can generate sam-
ples that are not present in well data (Figure 5).
The advantage of this assumption is that it allows
us to simulate the petroelastic properties of differ-
ent scenarios.

Then, we generate pseudopetrophysical curves
in two steps. We first generate profiles of litho-
fluid classes by means of a first-order Markov-
chain downward model using two transition ma-
trices P, and P, honoring well A proportions and
transition probabilities, respectively, above and
under the oil-water contact (at 2182 m):

5000 9000 13000 3000 5000 7000 0 02 04 0
b (m/s g/cm®)  Is (m/s g/cm ®)  Effective porosity Clay content

04 08 0 05 1
Water saturation

Figure 2. Petrophysical curves derived from log interpretation of well A. From left to
right: (a) P-impedance (well log in blue and rock physics model predictions inred), (b) S-
impedance (well log in blue and rock-physics model predictions in red), (c) effective po-
rosity, (d) clay content, (e¢) water saturation, and (f) litho-fluid classification (oil sand in
yellow, water sand in brown, shale in green).

0.95 0.03 0.02
P,=|020 080 0 (24)
0.01 0.01 0.98
0.95 0.03 0.02
P,=|006 094 0
Litho-fluid classes 0 0 19 O 81

Rows correspond to shale, water sand, and oil
sand at generic depth z, and columns refer to
shale, water sand, and oil sand at depth z — 1 (the
downward transition from water sand to oil sand
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is impossible in both cases). If the well information is not representa-
tive of reservoir conditions, proportions of litho-fluid classes and, as
a consequence, transition matrices can be modified. Then, for each
litho-fluid class, we can estimate a variogram to model the vertical
correlation of the petrophysical properties (the results for porosity
are presented in Figure 6, as an example), and we generate
pseudologs of petrophysical properties from the prior with a realistic
vertical correlation.

Next, we apply rock-physics model fpy to obtain the correspond-
ing pseudologs of velocities and impedances. Error € (see equation
1), added to elastic variables Ip and I, is distributed as a bivariate
Gaussian distribution. Its parameters (elements of the covariance
matrix) are estimated from the difference between real data and
rock-physics model predictions on well A logs (o, = 530 and o,
= 280). Using the pseudologs generated by means of the rock-phys-
ics model, we perform upscaling using sequential Backus averaging
in a running window of about 12.5 m (estimated wavelength is
125 m and operator length is obtained as wavelength/10 as in Avseth
et al., 2005), and we estimate the conditional probabilities at coarse
scale (equation 21).

Finally, linearized AVO inversion is used to jointly estimate the
posterior distribution of P- and S-impedance and density. We esti-
mated the four wavelets independently for each available angle gath-
er. The trend for the prior model was obtained from well logs by fil-
tering impedances logs to a high-cut value of 4 Hz and interpolating
these logs along the interpreted horizons. The probabilistic inversion

a) ; * ; ; ,
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12000 ° e Water sand

— Oil sand
110006 5 %% 8.
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Figure 3. Well-log data distribution and litho-fluid classification of
well A. (a) P-impedance versus effective porosity color coded by
litho-fluid class. (b) S-impedance versus P-impedance, color-coded
by litho-fluid class (oil sand in yellow, water sand in brown, shale in
green).

approach is based on the convolutional model and Aki-Richards lin-
earized approximation of Zoeppritz equations in the limit of vertical
weak contrasts. Elastic parameters derived from seismic inversion
are characterized by alog-Gaussian random field.

Posterior probabilities of petrophysical properties and litho-fluid
classes are obtained by means of equations 22 and 23 and the results
are shown in the next section.

RESULTS

First, we applied the methodology using well-log data from well
A and a synthetic seismic trace to verify applicability and validity of
the method. Through this feasibility step, we compare two statistical
approaches and demonstrate coherent propagation of the uncertainty
through the three steps of the method.

Following the approach presented in the previous sections, we
will show the results of the petrophysical-properties estimation in
three different conditions: at fine scale, at coarse scale, and condi-
tioned by seismic data. In the first step, we take into account only the
uncertainty related to the rock-physics model at fine scale, without
considering uncertainty associated with coarse scale and with seis-
mics. To estimate the conditional distribution P(R|m'), the EM al-
gorithm was applied, assuming three mixture components (one com-
ponent for each litho-fluid class) combined with the analytical ex-
pression of Gaussian mixtures. Figure 7a displays the marginal con-
ditional probabilities of effective porosity, clay content, and water

5500 Clay content

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Effective porosity

2500

Figure 4. Rock-physics model calibration on well A: velocity in wet
condition (obtained performing a fluid substitution on well-log ve-
locities) versus effective porosity, color-coded by clay content. The
curves are from the stiff-sand model for a mixture of wet clay and
sand, with clay content equal to (from bottom to top) 0.9, 0.7, 0.5,
0.3,and0.1.

Table 1. Rock-physics model parameters: density p, bulk
modulus K, and shear modulus u of the matrix components.

p (g/cm?) K (GPa) n (GPa)
wet clay 2.5 20 8
sand 2.7 33 36
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Figure 5. Prior distribution of petrophysical variables. (a) Two-dimensional marginal dis-
tribution of effective porosity and clay content with associated 1D marginal distributions.
(b) Two-dimensional marginal distribution of clay content and water saturation with as-
sociated 1D marginal distributions. Black crosses represent petrophysical data of well A;
background color is the joint probability.
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Figure 6. Experimental and fitted variograms of effective porosity for the three litho-fluid
classes: variograms of effective porosity in (a) shale, (b) water sand, and (c) oil sand (col-
or lines are the experimental variograms and dotted lines are the fitted variograms).

saturation extracted from P(R|m’) at fine scale.
Because the rock-physics model is accurate, the
uncertainty propagated to petrophysics is quite
small and the petrophysical-properties estimation
honors the actual curves of effective porosity,
clay content, and water saturation derived from
log interpretation.

Figure 7b shows results of the probability esti-
mation (equation 21) conditioned by upscaled
impedances obtained by applying sequential
Backus averaging to rock-physics model predic-
tions: the probabilistic upscaling step allows us to
take into account the uncertainty associated with
the scale change. Comparison between Figure 7a
and b clarifies the impact of coarse resolution on
uncertainty, which is, as expected, larger in the
second case P(R|m?¢), especially for water satu-
ration.

Finally, we combined the results of the statisti-
cal rock-physics model with seismic inversion
performed with the Bayesian approach, by means
of equation 22, to obtain an estimation of petro-
physical properties conditioned by seismic data
P(R]S.). As a feasibility step, we applied the
methodology using synthetic seismic data with a
signal-to-noise ratio (S/N) equal to 5. Conditional
distributions (Figure 8a) show the multimodality
of the petrophysical data and the increase of un-
certainty, in particular in sequences of thin layers.
In the case of multimodal data, the median is not a
good estimator, but we can observe that the prob-
ability distributions still capture the bimodality of
petrophysical properties.

Now we compare the previous results at seis-
mic scale obtained using Gaussian mixture mod-
els with results obtained using the kernel density
approach (Figure 8). The two results are quite
similar: in both cases, petrophysical inversion
can capture the bimodality of each variable. The
top of the reservoir is characterized by a thick,
high-porosity, oil-sand layer, and it is well detect-
ed in both cases. In this application, Gaussian
mixtures are an appropriate solution and they pro-
vide a good result because the litho-fluid classifi-
cation of well data (which identifies the compo-
nents of the mixture) allows a good discrimina-
tion of petrophysical and elastic properties. Also,
the approach based on KDE provides a good esti-
mation of the posterior probability because kernel
density estimation recognizes the multimodality
of the data if the scaling lengths are correctly cho-
sen. With respect to the GMM approach, the non-
parametric approach is more computationally de-
manding and it requires tuning of the scaling
length parameters.

Even though the linear correlation coefficients
cannot be used as a full quantitative measure of
the inversion quality in the case of multimodal
distributions, we tried to evaluate the quality of
the match between the inversion results and real
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data by computing the correlation coefficients between estimated
petrophysical properties and the actual curves (Table 2). Analysis of
the correlation coefficients confirms what we observed from the
probability densities, in particular, how the scale change affects the
uncertainty.

The method also has been applied in a discrete domain, for litho-
fluid classification based on seismic data. From the probability dis-
tributions of petrophysical properties, we predicted litho-fluid class-
es (equation 23) at the location of well A, and we used the resulting
posterior probabilities to generate multiple realizations of litho-flu-
id-class vertical sequences. The rock-physics
likelihood P(7.|R) has been estimated using
petrophysical curves and litho-fluid classifica-
tion, assuming a Gaussian distribution for each
litho-fluid class.

Results of the classification conditioned by
seismic are shown in Figure 9a: we can observe a
high probability value for the oil-sand class, re-
flecting the thick, high-porosity sand layer at the
top of the reservoir. It is important to observe that,
even though the maximum a posteriori (MAP) of
probabilities of litho-fluid classes is not a good
estimator in this case, fluctuations of the proba-
bility curves have a good match with the actual
profile of litho-fluid classes and they can be used
as a prior probability for multiple realizations. In-
tegrating the probability of litho-fluid classes
conditioned by seismics with probability ob-
tained from transition matrices (equation 18), we
can generate several realizations of litho-fluid-
class profiles at well location A (Figure 9b). 0

We used contingency analysis (Table 3) to
evaluate misclassification errors, comparing
the maximum a posteriori of the probability
P(r,
contingency table, we computed the absolute fre-
quencies, reconstruction rate, recognition rate,
and estimation index. The reconstruction rate is
obtained by normalizing the frequency table per
row, and the recognition rate is obtained by nor-
malizing the frequency table per column. The re-
construction rate represents the percentage of
samples belonging to a litho-fluid class (actual),
which are classified in that class (predicted). The
recognition rate represents the percentage of sam-
ples classified in a litho-fluid class (predicted)
that actually belong to that class (actual). Infor-
mation concerning under/overestimation can be
inferred from the estimation index, which is de-
fined as the difference between the reconstruction
rate and recognition rate. A negative estimation
index in the main diagonal indicates underesti-
mation, and a positive estimation index indicates
overestimation; the off-diagonal terms describe
in which class the samples are misclassified. In
our case, oil sand could be reconstructed by
70.5% by the inversion algorithm and recognized
by 62.5%, thus, sand is overestimated (estimation
index 8%). The actual oil-sand samples not de-
tected by the inversion are mostly classified in

W

LA TR
‘JJ"“' T A "'”‘ ‘w»

and P90.

0.2

Effective porosity

0.2

Effective porosity
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shale (96 samples, reconstruction rate 19.4%). The recognition rates
of predicted oil sand tell us that some shale samples (108) and water-
sand samples (101) are classified in oil sand, which is the reason for
the overestimation of oil sand. Similarly, the negative estimation in-
dex for water sand ( —7.8%) in the main diagonal of the contingency
table shows an underestimation of water sand. In some cases, we
cannot discriminate water sand from actual shale and oil sand from
actual water sand (relatively high estimation index of predicted
water sand in actual shale and of predicted oil sand in actu-

Conditional probability distributions (fine-scale) Probability

0.4
0.35
0.3
0.25
0.2
0.15
0.1
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0

02 04 06 08 0 05 1
Clay content Water saturation

0.4 0

Conditional probability distributions (coarse-scale) Probability

0.25
0.2
0.15
0.1
0.05
0

Water satu rat|on

02 0.4 0.6 0.8
Clay content

0.4 0

Figure 7. Petrophysical-properties estimation at well A location: effective-porosity,
clay-content, and water-saturation probability distributions obtained with GMM. (a)
Petrophysical-properties estimation conditioned by high-resolution impedances, ex-
tracted from P(R|m). (b) Petrophysical-properties estimation conditioned by upscaled
data, extracted from P(R|m¢). The background color is the conditional probability.
Black lines are the actual petrophysical curves, red dashed lines represent P10, median,
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al water sand). This result can be justified by the rock-physics tem-
plate (Figure 3), where we can note the overlaps between those class-
es. Misclassification between oil sand and shale is due mainly to the
upscaling effect on thin layers.

Finally, we applied the methodology to the whole reservoir level
using real seismics to obtain 3D volumes of petrophysical properties
with the associated uncertainty. First, we performed a Bayesian in-
version on a small 3D volume, including well A (used for rock-phys-
ics model calibration) and well B (used for methodology validation).
The seismic volume (four angle gathers available) contains about
10,000 traces in a time window corresponding to a depth interval of
approximately 250 m. In Figure 10, we display two seismic sections

Figure 8. Petrophysical-properties estimation con-

Probability distributions conditioned by synthetic seismics (GMM)

Grana and Della Rossa

(related to the partial angle stacks 20° and 44°), passing through the
two wells. In Figure 11, we show the prior model used for inversion
and the inverted values with the associated uncertainties at well loca-
tions. The corresponding inverted impedances sections /p and I, es-
timated by Bayesian inversion, are displayed in Figure 12.

The final result of this study is the posterior probability of petro-
physical properties on the entire 3D volume. Figure 13 shows the
probability distributions of effective porosity at three locations
along the 2D section passing through the wells. Comparison be-
tween actual effective-porosity curves and estimated probabilities
gives evidence that at the top of the reservoir, estimation is more ac-
curate than in the lower part. In Figure 14, we display the maximum a

Probability

ditioned by synthetic seismic data at well A loca- 0.25
tion: effective-porosity, clay-content, and water- i
saturation probability distributions extracted from j
P(R]S,), computed with (a) GMM and (b) KDE. : b
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Table 2. Correlation coefficients between estimated petrophysical properties
and real data at well A location.

Correlation Correlation Correlation
coefficient coefficient coefficient
of effective of clay of water
porosity content saturation
Conditioned by 0.95 0.89 0.87
fine-scale data
Conditioned by 0.55 0.67 0.63
coarse-scale data
Conditioned by 0.58 0.55 0.64
synthetic seismics
(GMM)
Conditioned by 0.55 0.60 0.69

synthetic seismics
(KDE)
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posteriori of the posterior probabilities of effec-
tive porosity, clay content, and water saturation.
In the upper part of the reservoir, we can clearly
detect the overcap clay and the top of the reser-
voir, characterized by a high-porosity sand filled
by oil. In the lower part, thin layers observed in
the well logs are not detected and the uncertainty
associated with the inverted properties increases.
This is mainly due to quality of the seismic data,
which is higher at the top (S/N=3) and very poor
at the bottom (S/N=1), as we can observe in the
seismic sections (Figure 10).

We also performed a litho-fluid classification
based on seismic data. Figure 15 shows the curves
of conditional probabilities of litho-fluid classes
at the location of well A, conditioned by the corre-
sponding seismic trace and some realizations ob-
tained integrating the posterior probability of

Figure 9. Litho-fluid probabilistic classification
conditioned by synthetic seismics at well A loca-
tion. (a) From left to right: probabilities of litho-
fluid classes P(7,|S,) based on petrophysical in-
version, MAP of the probability and actual litho-
fluid classes. (b) Some realizations obtained with a
Markov-chain approach (oil sand in yellow, water
sand in brown, shale in green).
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litho-fluid classes with the Markov-chain model. The quality of Mar-
kov-chain realizations is acceptable at the top of the reservoir and
quite poor at the bottom, where the S/N of seismic data is very low.

Figure 16 illustrates results for the 3D volume (for example, for
effective porosity) by extracting a crossline passing for well B and
aninline for well A. Finally, in Figure 17, we propose a 3D visualiza-
tion of hydrocarbon-sands probability: the oil-sand probability cube
has been truncated to reveal areas where the probability of oil-sand
litho-fluid-class occurrence is greater than 0.7.

DISCUSSION

The feasibility test based on synthetic seismics shows propaga-
tion of different sources of uncertainty through different steps and
the applicability of this methodology with both proposed statistical
approaches. The real-case application, integrating well data and real
seismics, shows that the results are quite satisfactory as long as the
quality of the seismics is acceptable. In particular, the use of Gauss-
ian mixtures seems to be a valid approach for classification of petro-
physical and categorical parameters, which can be applied to real
cases with reduced computational time.

Application of the rock-physics model is not computationally de-
manding, whereas estimation of the conditional probability in a
Bayesian framework can be quite hard to obtain because it requires
estimation of the joint distribution in a space of high dimensions.

Table 3. Contingency analysis of petrophysical-properties
estimation at well A location (f is absolute frequency, R is
reconstruction rate, r is recognition rate, and E is the
estimation index).

Predicted Predicted water Predicted oil
shale sand sand

Shale
f 472 104 108
R 69.0% 15.2% 15.8%
r 69.2% 40.0% 19.4%
E —0.2% —24.8% —3.6%
Water sand
f 114 106 101
R 35.5% 33.0% 31.5%
r 16.7% 40.8% 18.1%
E 18.8% —7.8% 13.4%
Oil sand
f 96 50 349
R 19.4% 10.1% 70.5%
r 14.1% 19.2% 62.5%
E 5.3% —-9.1% 8.0%

Gaussian mixture models are a suitable solution because of their an-
alytical convenience, especially when the distributions of petro-
physical and elastic attributes describe features of different litho-flu-
id classes. The nonparametric alternative, kernel-density estimation,
is more computationally demanding because it requires numerical
evaluation of a joint probability on a multidimensional domain. A
more efficient method to tackle the multidimensional extension of
KDE is based on fast Fourier transform (FFT). In fact, KDE also can
be seen as a convolution, so that we can reduce computational time
by realizing the convolution by means of FFT (Buland et al., 2008).
However, one of the most critical points in estimating probabilities
by means of kernel density is the choice of scaling length parame-
ters, which must be determined through different trials.

The main simplification we adopted in our approach is overlook-
ing the spatial correlation of petrophysical variables for the estima-
tion of conditional distributions, to reduce the dimension of the
probability space. We do take into account the vertical correlation in
seismic inversion by including a vertical correlation in the prior co-
variance matrix of the vector of elastic parameters and in the prior
covariance matrix of the error on seismic amplitudes for each angle
gather (Buland and Omre, 2003). However, the spatial correlation is
not explicitly accounted for because we adopt a trace-by-trace inver-
sion approach to jointly estimate impedances and densities from
seismics. We remark that the lateral continuity of our results is main-
ly related to the imaging: in fact, part of the lateral correlation of seis-
mic data is imposed by the migration operator which is a spatial filter
whose correlation length is associated with the Fresnel zone.

To perform the final step from continuous petrophysical variables
to litho-fluid-class modeling, Gaussian mixture models seem to be
an appropriate approach as they can express the multimodal features
of petrophysical variables in different litho-fluid classes. Integration
of more advanced geostatistical techniques could be a significant
improvement to use probabilistic information related to litho-fluid
classes to generate multiple realizations for reservoir characteriza-

tion.

- _ |
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Figure 10. 2D seismic sections passing through well A (on the right)
and well B (on the left): (a) angle stack 20°, and (b) angle stack 44°.

Downloaded 22 Oct 2011 to 128.12.212.21. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



Probabilistic petrophysical estimation 033

a) wellA b) well A d) well B
2060 / N "‘ I S S p— Prior model
|‘ ; — — = P10 prior
,\’ - i il P90 prior
2080 F Hi i Well log
1l I I Upscaled log
] ! \; Inverted log
Lo L — — — P10 inversion
21 00 - = = P90 inv:rziZn
1
2120 F S F
£ 2140 F R -
< [
s N =
& 2160 e R i
| i
[N~
2180 s -
2200 r r
2220 r r
2240 /) Foy
5000 9000 13000 3000 5000 7000 5000 9000 13000 3000 5000 7000
I p(m/s g/cm3) I s(m/s g/cm?3) I p(m/s g/cm3) I s(m/s g/cm?3)
a) Well B Well A I'p(m/s g/cm3)
2050 i 12000
2100 11000
E 10000
= 2150
= 9000
& 2200 8000
2250 7000
- s > _aw | 6000
300 600 900 1200 1500 1800 2100 2400
Distance (m)
b) I s(m/s g/cm?3)

7000
6500
6000
5500
5000

4500
4000
3500
3000

300 600 900 1200 1500 1800 2100 2200
Distance (m)

Figure 11. Prior model and posterior distributions
at wells locations. (a) P-impedance of well A, (b) S-
impedance of well A, (c) P-impedance of well B,
and (d) S-impedance of well B. Blue curves are the
actual logs, green curves represent the upscaled
data, black curves are the prior model, and red
curves represent the inverted values. Dashed lines
represent P10 and P90.

Figure 12. Two-dimensional sections of inverted
impedances: (a) inverted P-impedance, (b) invert-
ed S-impedance.
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Figure 13. Probability distributions of effective po-
rosity at wells locations (well A on the right, well B
on the left) and at an intermediate location between
the two wells. Black lines are the actual effective
porosity curves.

Figure 14. Estimations of (a) effective porosity, (b)
clay content, and (c) water saturation in the 2D sec-
tion obtained from the mode of the posterior distri-
butions.
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Figure 15. Litho-fluid probabilistic classification
conditioned by real seismics at well A location. (a)
From left to right: probabilities of litho-fluid class-
es P(7r.|S,) based on petrophysical inversion, and
three realizations obtained with a Markov-chain
approach. (b) From left to right: three more realiza-
tions obtained with a Markov-chain approach com-
pared with actual litho-fluid classification (oil sand
in yellow, water sand in brown, shale in green).

Figure 16. Estimation of effective porosity along
two lines extracted from the 3D volume.
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Figure 17. Isoprobability surface of 70% probability of oil-sand litho-fluid class. The
background slices represent two 2D sections of probability of oil-sand occurrence.

CONCLUSIONS

The presented methodology aims to propagate the uncertainty
from seismic to petrophysical properties, including the effect of
scale change, seismic noise error, and the degree of approximation of
physical models. Statistical rock physics, combined with the proba-
bilitic approach adopted for seismic inversion, has been proposed to
quantify the uncertainty. The main results of the method are the
probability distributions of estimated petrophysical parameters,
which can be used to assess the reliability of reservoir-properties es-
timation. To obtain the posterior distribution of petrophysical prop-
erties, we note that one key point of our method is the use of Gauss-
ian mixture models and identification of weights of the mixture as
the probability of litho-fluid classes.

Even though the considered uncertainty factors do not cover all
the possible sources, the 1D feasibility test shows that the main ef-
fects due to scale changes and seismic noise are taken into account
and that these two factors can explain an important part of the uncer-
tainty.

In the application case, the method works better in the upper lay-
ers, where the signal-to-noise ratio is high, rather than in the lower
layers, where signal-to-noise is low. In conclusion, where signal-to-
noise is acceptable, probabilistic petrophysical evaluation on the
real case shows the applicability of the method and that reliability of
the seismic data is coherently propagated to petrophysical-proper-
ties prediction.

The proposed method can be applied to all reservoirs where elas-
tic characterization of petrophysical properties is possible and where
the physical link can be described by a suitable rock-physics model.
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Probability APPENDIX A
0.6 PROBABILISTIC FORMULATION
Here we recall analytical results for condition-
0.5 . . . .
al distributions of Gaussian mixtures, extending
04 results valid in the Gaussian case. If the joint dis-
’ tribution is a Gaussian mixture of N. components,
03 we indicate the joint probability as
NC
0.2 P(m.R) = X mN(y:py.X5) (A-1)
k=1
0.1 m
where y = [R } The mean and covariance of
0 each component are given by
k k k
p,k . M‘m Ek _ 2'm,m 2m,R
y k| y o k k
PR ER,m ER,R
(A-2)

Then conditional distribution P(R|m) is
again a Gaussian mixture (see, for example, Dovera and Della
Rossa, 2007):

NC
P(RIm) = 3 AN(Ripm 2m).  (A-3)
k=1
Here, A, are the weights of the conditional distribution
k k
WkN(R;M'R\m’ER\m)
/\k(m) = N (A'4)

2@0: 1 WfN(R;M£|m’2£\m) ’

and the mean and covariance of each component of the conditional
distribution can be analytically derived as

PR = PR T Zrm(Cnm) (M=) (A-5)
and
2'II({\m = 2]I({,R - Elf{,m(zfnm) N ]Efn,R (A‘6)
for each given m.

APPENDIX B

ROCK-PHYSICS MODEL

The stiff-sand model is based on Hertz-Mindlin grain-contact
theory (see Mavko et al., 2003). This model provides estimations for
bulk Ky and shear pyy moduli of a dry rock, assuming that the sand
frame is a dense random pack of identical spherical grains subject to
an effective pressure P with a given porosity ¢, and an average num-
ber of contacts per grain n (coordination number):

Koo — 3\/”2(1 - ¢O)2lu’r2natp
HM 187%(1 — v)?

(B-1)

and
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MuMm = > (B-2)

5—4p 3\/3n2(1 — o)1l P
10— 5v 2m2(1 — v)?

where v is the grain Poisson’s ratio and p,, is the matrix shear mod-
ulus.

Matrix elastic moduli are obtained by Voigt-Reuss-Hill averages
for a matrix made of two components, wet clay (mixture of clay and
clay-bound water) and sand:

1{CK.+ (1 —OXK 1 -
K== — ( L 4 (B-3)
2 1—¢ cC 1-C
—+
K. K
and
CifCu+—Op, . 1-4
Mmat = 5 + s
2 1-¢ cC 1-¢C
—+
MC MS
(B-4)

where C is the volume of wet clay, ¢ is the effective porosity, and K.,
Me, K, and u, are, respectively, the bulk and shear moduli of wet
clay and sand.

For effective porosity values between zero and the critical poros-
ity ¢, this model connects the solid-phase elastic moduli K, and
Mma Tespectively, with the elastic moduli Ky and puyy of the dry
rock at porosity ¢y, by interpolating these two end members at the
intermediate effective-porosity values by means of the modified
Hashin-Shtrikman upper bound:

K. — bl b 1—¢lpy | 4
dry — - 4 = 5 Mmae

4 3
Kim + ZMmac Kna T 5 Mma
3 3
(B-5)
_ P/ 1—¢lpy |7! I
Mdry = 1 - 1 - 6 glu“mat’
Mum T g‘flumal Mmar T gfﬂ'mat
(B-6)
where

_ 9K mat + 8 Mmat

£= Kinat T 2 imat .

Gassmann’s equations are used for calculating the effect of fluid
on velocities using matrix and fluid properties (see Dvorkin et al.,
2007 for the use of effective porosity in Gassmann):

2
-5
K. = Ky + Ko (B-7)
=Ky -
T 120 Ky
Kfl Kmal Kmat
and

Msat = Mdry- (B-8)

From the saturated-rock elastic moduli, we finally obtain velocities
as

4
Koo + glu‘sat
Vo= | ——— (B-9)
p

Vs = 1 l@’
p

where p is the density of the saturated rock, estimated as a weighted
linear average.

and

(B-10)
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